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Factor Analysis

 Used to identify the factor structure or model for a 
set of variables (Stevens, 2012)

 Two types: Exploratory (EFA) and Confirmatory 
(CFA)
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Exploratory Factor Analysis
Several Methods: 

 Principal Components Analysis (PCA): Each 
successive component accounts for the largest amount of 
unexplained variance

 Principal Axis Factoring: Identical to PCA, except that 
the factors are extracted from a correlation matrix with 
“communality estimates” on the main diagonal rather 
than 1’s, as in PCA.

Unweighted Least Squares: Minimizes the sum of 
squared differences between the observed and model-
implied off-diagonal correlation matrices.

Generalized Least Squares: Correlations weighted by 
the inverse of their uniqueness, high uniqueness  less 
weight.

 Alpha: Maximizes the Cronbach alpha of the factors (i.e., 
reliability)

 Image: Factors are defined by their linear regression on  
variables not associated with the hypothetical factors.3



Maximum Likelihood Estimation

Attempts to find the population parameter 
values from which the observed data are 
most likely to have arisen.

The likelihood function quantifies the 
discrepancy between the observed and 
model-implied parameters, assuming 
normal distribution.

Closed-form solutions for parameters usually 
do not exist, so iterative algorithms are used 
in practice for parameter estimation.
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 Let S = the sample variance/covariance matrix of 
observed scores from p variables.

 Let Σ = the variance/covariance matrix of the 
population.

 Let θ represent the vector of model parameters.
 Therefore, Σ(θ) represents the restricted 

variance/covariance matrix implied by the model.
We are testing the hypothesis that the restricted 

matrix holds in the population:
Null Hypothesis: Σ = Σ(θ).

SEM computes a minimum discrepancy function, 
Fmin.

The Model Fitting Process
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Understanding the Fmin Function

     SpSTraceFMin loglog1  

As Σ(θ) approaches 
S, this difference 

approaches 0

Trace: The 
sum of the 
diagonal of 
a matrix

An inverse matrix times itself = the 
Identity Matrix (I), So, as Σ(θ) 

approaches S, 
Σ(θ)-1S approaches I, as a result, the 
trace of the matrix will approach the 

number of observed variables, p

So, as Σ(θ) 
approaches S, the 

difference of the trace 
and p approaches 0.
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Maximum Likelihood Estimation (Cont’d.)

The shape of the 
multivariate normal curve is 
defined by:



Substituting an individual’s 
vector of scores yields the 
likelihood of that set of 
scores given the population 
mean vector μ and 
covariance matrix Σ7



Maximum Likelihood Estimation 
(Cont’d.)
A model’s final paramter

estimates are those that yield 
model-implied variances and 
covariances (and means) that 
maximize the combined 
likelihood of all n cases.
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Casewise Log Likelihoods
 Likelihoods tend to be very small numbers, and 

hence their products become practically 
infinitesimal.

 Taking the natural log of the likelihood makes 
things a bit more manageable.
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Casewise Log Likelihoods 
(Cont’d.)
With complete data, each case’s contribution 

to the overall log likelihood (LL) is:

2 2
1
2 Σ

1
2 ′Σ

In the missing data context, each case’s 
contribution to the log likelihood is:

2 2
1
2 Σ

1
2 ′Σ

Data and parameter arrays can vary for each 
ith case.

The ith case’s contribution to the overall 
likelihood is based only on those variables for 
which that case has complete data.10



Maximum Likelihood in SEM

Model’s final parameter estimates are those 
that yield model-implied variances and 
covariances (and means) that maximize the 
aggregated casewise log likelihoods:

1
2 2

1
2 Σ

1
2 ′Σ

In FIML, no data are ever imputed.
Parameters and their SE are estimated 

directly using all observed data.
FIML is the default in many software (e.g., 

Mplus, Amos)
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Confirmatory Factor Analysis

Cannot be run easily in basic 
statistics packages such as SPSS—
does not offer the option to force 
variables to load on particular 
factors, only the number of factors.

SEM software easily 
accommodates CFA models. 
MPlus, AMOS, EQS, LISREL
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Jöreskog
& 
Sörbom
Notation

Upper 
case

Lower 
Case

English
Trans-
literation

English 
Name

Pronunciation 
Guide

SEM Usage

Α α ä Alpha as a in father Structural Model Intercept for Means/Intercepts 
Model

Β β b Beta Regression Coefficients (η  η)
Γ γ g Gamma Regression Coefficients (ξ  η)
Δ δ d Delta X Error Labels
Ε ε e Epsilon short e Y Error Labels
Ζ ζ z Zeta e = long a Latent Dependent Variable Residuals
Η η ā Eta e = long a Latent Dependent Variable Labels
Θ θ th Theta e = long a Error Variance/Covariance Matrices
Ι ι i Iota ‘yota’

Κ κ k Kappa soft a Means of the Latent Independent Variable (ξ) 
for Means/Intercepts Model

Λ λ l Lambda soft a Regression Coefficients (ξ  X; η  Y)
Μ μ m Mu ‘mew’
Ν ν n Nu ‘new’
Ξ ξ x (ksi) Xi ‘key’ Latent Independent Variable Labels
Ο ο o Omicron
Π π p Pi ‘pie’
Ρ ρ r (rh) Rho ‘row’
Σ σ or ς s Sigma

Τ τ t Tau au=ow as in 
how

Measurement Model Intercept for 
Means/Intercepts Model

Υ υ u Upsilon “oops…”

Φ φ phi Phi ‘fee’ Latent Independent Variable (ξ) 
Variance/Covariance Matrix

Χ χ ch Chi ‘kai’

Ψ ψ ps Psi ‘sigh’ Latent Dependent Variable (η) 
Variance/Covariance Matrix

Ω ω ō Omega ‘ō mega’
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Diagram of Matrix Structures
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Fit Indices Criteria

Variable Criterion
Minimum Fit χ2 Nested Model Comparison
CFI (Comparative Fit Index) > 0.95
AIC (Akaike Information 
Criterion)

Model Comparison Only (Does not have to be nested), 
Smaller Value = Better Fit

GFI (Goodness of Fit Index) > 0.90
SRMR (Standardized Root
Mean Square Residual)

< 0.10, Reasonable Fit
< 0.08 Good Fit

RMSEA (Root Mean Square 
Error of Approximation)

< 0.05 = Good Fit
0.05 – 0.08 = Reasonable
0.08 – 0.10 = Mediocre
> 0.10 = Poor Fit

ECVI As model is changed, smaller value 
indicates greater likelihood of  being 
generalizable in the population
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Caregiver Difficulties Model
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Psychological Distress CFA

First-Order CFA Second-Order CFA
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Psychological Distress CFA Results

Model Model Description N AIC DF
Chi 

Square CFI RMSEA
RMSEA 

LO90
RMSEA 

HI90 SRMR ECVI

0a1
CFA Caregiver Psychological 
Distress 227 8298.11 103 283.81 0.901 0.088 0.076 0.100 0.049 36.56

0a2 0a1 with Q030 and Q031 covaried 227 8236.27 102 219.97 0.935 0.071 0.058 0.084 0.044 36.28
0a3 2nd order CFA built on 0a2 227 8238.27 101 219.97 0.935 0.072 0.059 0.085 0.044 36.29
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How CFA advances theory and research      
1. Ding, Ng, Wang, & Zou (2012) Distinction between team-based and 

company-based self esteem in the construction industry.
2. Hon, Chan, & Yam (2012) Determining safety climate factors in the 

repair, maintenance, minor alteration, and addition sector of Hong 
Kong

3. Hong & Thong (2013) Internet privacy concerns: An integrated 
Conceptualization and Four Empirical Studies 

4. Ibáñez et al. (2007) Temperamental traits in mice (I): Factor structure
5. Judi & Beach (2008) The structure of manufacturing flexibility: 

Comparison between UK and Malaysian Manufacturing Firms.
6. Procci et al. (2012) Measuring the flow experience of gamers: An 

evaluation of the DFS-2
7. Rahman, Haque, & Hussain (2012) Brand image and its impact on 

consumer’s perception: Structural Equation Modeling approach on 
young consumer’s in Bangladesh.

8. Teo (2013) An initial development and validation of a Digital Natives 
Assessment Scale (DNAS)

9. van Deursen, van Dijk, & Peters (2013) Proposing a Survey Instrument 
for Measuring Operational, Formal, Information, and Strategic Internet 
Skills19



In Groups:

How was CFA used in the study?
Why did the authors choose CFA as 

the method of choice? What did CFA 
accomplish that couldn’t have been 
accomplished with other 
methodologies?

What else do you notice about the use 
of CFA in the study?

What do you still wonder about with 
regard to CFA in the study?
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A Dissertation Example
 What are the characteristics of ESL Instructors’ 

professional identity profiles as evident in a 
large scale sample?

 What constructs are more prominent in 
these profiles?

 To what extend do differences in 
professional identity profiles affect the 
instructors’ perceptions of opportunities for 
professional development?

 How does the application of a conscious 
reflection process inform our understanding of 
the construction of the instructors’ professional 
identity profiles?

 What is the role of context in the 
construction of the instructors’ professional 
identity profiles?

 What is the role of the personal and 
professional experiences in the 
construction of these identity profiles? 

 How does ESL Instructors’ perception of their 
professional identities impact their needs for 
professional development? 

 What is the relationships between self-
efficacy, motivation, job satisfaction, 
commitment, and ESL teacher 
professional identity?

 Do motivation, job satisfaction, and 
commitment mediate the influence of 
self-efficacy on ESL teacher professional 
identity?

 Do motivation and commitment mediate 
the influence of job satisfaction on ESL 
teacher professional identity?

 Does commitment mediate the influence 
of motivation on ESL teacher 
professional identity?

 Do organizational commitment and 
occupational commitment have strong 
discriminant validity? If so, how are 
they related?

 Do the constructs of ESL teacher 
professional identity differ in their 
relationship for native and non-native 
English speakers?
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Reflection on CFA

What is your dissertation/thesis 
conceptual framework?

Are the constructs in the 
framework well-defined, and are 
the definitions well-established?

Could a CFA strengthen your 
study? Why or why not?
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Thank You!

All materials from this workshop 
series can be downloaded at 
http://csrakes.yolasite.com/resources.php

23


